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Abstract 

A factorization formula for wave functions, which is basic in the 
inverse spectral transform approach to initial-boundary value prob- 
lems, is proved in greater generality than before. Applications follow. 
Related compatibility questions for the GBDT version of Backlund- 
Darboux transformation are treated too. 
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1 Introduction 

Zero curvature representation of the integrable nonlinear equations is a well 
known approach (see [Illl4p3ip50] and references in [H]), which was developed 
soon after the seminal Lax pairs appeared in [26] . Namely, many integrable 
nonlinear equations admit representation (zero curvature representation) 

Gt{x,t,z) - F,{x,t,z) + [Gix,t,z),F{x,t,z)] =0, (1.1) 
Gi-^G, [G,F]:=GF-FG, 
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which is the compatibihty condition of the auxihary hnear systems 
d d 

—w{x, t, z) = G{x, t, z)w{x, t, z), —w{x, t, z) = F{x, t, z)w{x, t, z). 

(1.2) 

Here G and F are m x m matrix functions, and z is the spectral parameter, 
which will be omitted sometimes in our notations. 

Solution of integrable nonlinear equations is closely related to Lax pairs 
and zero curvature representations, which have been mentioned above, and 
has been a great breakthrough in the second half of the 20th century. An 
active study of the cases, which are close to integrable in a certain sense, fol- 
lowed (see, for instance, some references in [3l|6l|23]). Initial-boundary value 
problems for integrable nonlinear equations can be considered as an impor- 
tant example, where integrability is "spoiled" by the boundary conditions. 
These problems are of great current interest, and inverse spectral transform 
(ISpT) method |ll[5l|2ll|32l[33l[371[38llll}il] is one of the fruitful approaches 
in this domain. Further we assume that x, t belong to a semi-strip 

V = {{x, t) : 0<x <oo, 0<t <a}. (1.3) 

Normalize fundamental solutions of the auxiliary systems by the initial con- 
ditions 

-^W(x, t, z) = G(x, t, z)W(x, t, z), W(0, t, z) = Im] (1.4) 
ax 

—R(x, t, z) = F(x, t, z)R(x, t, z), R(x, 0, z) = Im, (1-5) 
dt 

where Im is the identity matrix of order m. If condition (II. ip holds, the 
fundamental solution of (11. 4p admits factorization 

W{x,t,z) = R{x,t,z)W{x,0,z)R{t,z)-\ R{t, z) := R{0,t, z). (1.6) 

Formula (11. 6p is one of the basic and actively used formulas in the inverse 
spectral transform method (see [32 | [33 | l37 t [38 |I^THi^ and references therein). 
It was derived in [HIHJ] under some smoothness conditions (conitinuous 
differentiability of G and F, in particular): see formulas (1.6) in |41], p. 22 
and in gg, p. 39. 
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Here we prove fll.6l) under weaker conditions and in much greater detail, 
which is important for apphcations. Namely, we prove the following theorem. 



Theorem 1.1 Let m x m matrix functions G and F and their derivatives 
Gt and exist on the semi-strip V, let G, Gt, and F be continuous with 
respect to x and t on V, and let (11 .ip hold. Then the equality 

W{x,t,z)R{t,z) = R{x,t,z)W{x,0,z), R{t, z) := R{0,t, z), (1.7) 

is true. 

Note that constructions similar to (11.61) appear also in the theory of Knizhnik- 
Zamolodchikov equation (see Theorem 3.1 in [IB] and see also |45j). 

Theorem II. II is proved in Section [21 Section [3] is dedicated to applications 
to initial-boundary value problems, and Theorem 13.21 on the evolution of 
the Weyl function for the "focusing" modified Korteweg-de Vries (mKdV) 
equation is proved there as an example. 

Related questions of the equahty of mixed derivatives and application of 
this equality to the GBDT version (see [HlIISllMlEniEHSSlEn] and references 
therein) of the Backlund-Darboux transformation are treated in Section HI 

As usual, by N we denote the set of positive integers, by C we denote the 
complex plane, and by is denoted the m-dimensional coordinate space 
over C. By Qz is denoted the imaginary part of 2; G C, and arg;z is the 
argument of z. By G^{T>) we denote functions and matrix functions, which 
are k times continuously differentiable on T>. 



2 Proof of Theorem 1.1 



The spectral parameter z is non-essential for the formulation of Theorem 
11.11 and for its proof and we shall omit it in this section. We shall need the 
proposition below. 

Proposition 2.1 Let the m x m matrix function W be given on the semi- 
strip V by equation (11.41) . where G{x,t) and Gt{x,t) are continuous matrix 
functions in x and t. 
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(i)Then the derivative Wt exists and matrix functions W and Wt are 
continuous with respect to x and t on the semi-strip T>. 

(a) Moreover, the mixed derivative Wtx exists and the equality Wtx = W^t 
holds on v. 



Proof. Consider system 
d 



dx 



y = G{x, y)y, G{x, y) = G{x, ym+i) := 



G{x,ym+i] 









(2.1) 



where Gisanm + lxm + 1 matrix function and ym+i is the last entry of the 
column vector y G C™^^. Denote by Wj and Cj the j-th columns of W and 
Im, respectively {1 < j < m). It easily follows from (11. 4p that the solution 
of (12. ip with the initial condition 



y(0) = g 



has the form 



W,{x,t) 
t 



(2.2) 



(2.3) 



Putting G{x,t) = G{0,t) for —e<x<0 whereas t > 0, and putting 
G{x, t) = G{x, 0) + tGtix, 0) for -£ < t < (e > 0) we extend G so that G 
and Gt remain continuous on the rectangles 



V(ai, 02) = {{x, t) : —e<x<ai, —e<t<a2< a}, ai, 02 G 



(2.4) 



Hence, it follows from the definition of G in (12. ip that G{x, y) and, as a con- 
sequence, the vector function G{x,y)y are continuous on T'(ai, 02) together 
with their derivatives with respect to the entries of y. Thus, according to the 
classical theory of ordinary differential equations (see, for instance, theorem 
on pp. 305-306 in [18]) the partial first derivatives of y{x,g) with respect 
to the entries of g exist in the interior Vi{ai, 02) of "^(01, 02). Moreover, 
y and its partial derivatives with respect to the entries of g are continuous. 
In particular, since by (12. 2p we have gm+i = t, the functions y and yt are 
continuous in all rectangles Vi^ai, 02). Taking into account (12. 3p . we see that 



4 



W and Wt are continuous in the rectangles V^^ai, 02), and the statement (i) 
is true. 

In view of (11 ■4p and considerations above the derivatives W^, W^t, and Wt 
exist and are continuous in the rectangles T>i{ai, 02). Hence, by a stronger 
formulation (see, for instance, |2l|47] or p. 201 in |28]) of the well-known 
theorem on mixed derivatives, Wtx exists in T'j(ai, 02) and Wtx = W^t- Thus, 
the statement (ii) follows. ■ 

Now, we can follow the scheme from Chapter 3 in [12] (see also Chapter 12 
in [Mj). 

Proof of Theorem 11.11 According to statement (i) in Proposition 12.11 the 
matrix function Wt exists and is continuous. Introduce f/(x, t) by the equality 

U ■=Wt- FW. (2.5) 

By (II. 4p . (12. 5p . and statement (ii) in Proposition 12 . 1 1 we have 

= Wtx - FxW - FWx = Wxt - FxW - FGW. (2.6) 

It is immediate also from (II. 4p that 

Wxt = {GW)^ = GtW + GWt. (2.7) 

Formulas (12.60 and (12. 7p imply 

= GtW + GWt - FxW - FGW = {Gt -F^ + GF- FG)W + GWt - GFW. 

(2.8) 

It follows from ([HI]), ([2l]), and definition ([23]) that = GU, that is, U and 
W satisfy the same equation. Taking into account W{0,t) = I2, we derive 
Wt{0,t) = 0, and so by ([53]) we have f/(0,t) = -F{0,t). Finally, as 

Ux = GU, Wx = GW, t/(0,t) = -F(0,t), l^(0,t) = /2, 

we have U{x,t) = —W{x,t)F{0,t) or, equivalently, 

Wt{x, t) - F{x, t)W{x, t) = -W{x, t)F(0, t). (2.9) 

Put 

Y{x, t) = W{x, t)R{t), Z{x, t) = R{x, t)W{x, 0). (2.10) 
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Recall that R{t) = R{0,t). Therefore ([13]), ([23]), and fCTI]) imply that 

Yt{x,t) = {F{x,t)W{x,t) - W{x,t)F{0,t))R{t) + W{x,t)F{0,t))R{t) 

= F{x, t)Y{x, t), 0) = W{x, 0). (2.11) 

Formulas (11.51) and (I2.1UI) imply that 

Zt{x, t) = F{x, t)Z{x, t), Z{x, 0) = W{x, 0). (2.12) 

By fimi) and fl^TT^ Y = Z, that is, ([TT]) holds. ■ 

Remark 2.2 Though the case of continuous F is more convenient for appli- 
cations, it is immediate from the proof that the statement of Theorem \1.1\ is 
true, when F is differentiahle with respect to x, and measurable and summable 
with respect to t on all finite intervals from M+ . 

According to the proof of Theorem 11.11 the following remark is also true. 

Remark 2.3 Theorem \1.1\ holds on the domains more general than V. In 
particular, it holds if we consider {x, t) G Xi x X2, where Xk (A; = 1, 2) is the 
interval [0, hk) {0 < bk < 00). 

Another interesting case of matrix factorizations related to boundary 
value problems is treated in [7] [22]. 



3 Some applications 

The matrix "focusing" mKdV equation has the form 

Vxxx + 3 [VxV*V + VV*Vx) , 



4f* 



(3.1) 



where v{x,t) is a p x p matrix function. Equation (13. ip is equivalent (see 
[8l|lHll9] and references therein) to zero curvature equation (II. ip . where the 
m X m {m = 2p) matrix functions G{x,t,z) and F{x,t,z) are given by the 
formulas 



G = izj + V, J 









iz 



V 



V 
-V* 



(3.2) 



F = -zz^j - z^V -j{V^ + Vxj) +-{Vxx - 2V' - VxV + VVx). (3.3) 
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At first we omit the variable tinV and v. The Weyl theory of the skew-self- 
adjoint Dirac system (also called Zakharov-Shabat or AKNS system) 



d_ 

dx 



w 



(x, z) = {izj + V{x))w{x^ z), X > 



(3.4) 



was treated in [TT],|T5l|32ll33] (see also preliminaries in |1Q]). 
For the case of measurable matrix function v such that 

sup \\v{x) II < M, 

0<a::<oo 



(3.5) 



the Weyl matrix function ip of system (13. 4p is uniquely defined in the semi- 
plane Qz < — M by the inequality 



POO 

/ [ifizY ip]w{x,zyw{ 

Jo 



X, z) 



dx < oo, ^z < -M < 0, 



(3.6) 

where W is the normalized by W^(0,2;) = fundamental solution of (13. 4p . 
Weyl functions are constructed using pairs of meromorphic p x p matrix 
functions Pi{z), P2{z), which are nonsingular and have property-j, that is, 



V{zyV{z) > 0, V{z)*jV{z) < 0, V 



Pi 

P2 



(3.7) 



Theorem 3.1 ^32] There is a unique Weyl function of such a system (13.40 
that (13. 5p holds. This Weyl function is holomorphic in the semi-plane ^z < 
—M. It is given by the equality 

^{z) = lim {Aii{r, z)Pi{r, z) + Auir, z)P2{r, z)) (3.8) 

X {A2iir,z)Piir,z)+A22ir,z)P2ir,z)y' {^z < -M), 
Air,z) = {Akp{r,z)}l^^^ := l^(r,^)*, (3.9) 

where the pairs {Pi, P2} are arbitrary pairs satisfying ( 13. 7p . 

Our next theorem on the evolution of the Weyl function in the case of the fo- 
cusing mKdV follows from Theorems Il.ll and l3.1[ The case of the defocusing 
mKdV was earlier treated in [1T | H2 | I1^. 
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Theorem 3.2 Let apxp matrix function v G C^{V) have a continuous par- 
tial second derivative v^x, o-nd let v^xx exist. Assume that v satisfies mKdV 
(13.11) and that the inequalities 



sup \\v{x,t)\\<M, sup {\\vx{x,t)\\ + \\vxx{x,t)\\) < oo (3.10) 
(x,t)ev {x,t)ev 

hold. 

Then the evolution (p{t, z) of the Weyl function of the skew- self- adjoint 
Dirac system (11.41) . where G has the form (13. 2p . is given by the equality 

ip{t, Z) = (i?ii(t, Z)^{0, Z) + i?i2(t, Z)) (i?2l(t, ^)<^(0, Z) + i?22(t, Z)y^ (3.11) 

in the semi-plane '^z < —M < 0. Here the block matrix function 

R{t, z) = {RUt, ^)}fc,.=i = i?(0, t, z) (3.12) 

is defined by the boundary values f(0,t), fs(0,t), and fxz(0,t) via formulas 
ira and (I33|) . 

Proof. As V* = —V and {Vxj)* = Vxj, it is immediate from (13. 3 p that 
F{x,t,z)* + F{x,t,z) = 0. Hence, it foUows from (II. 5p that 

^^{R{x,t,zyR{x,t,z)) =0. 
Therefore, using equahties R{x,0,z) = 1^ and (I3.12p . we get 

R{X, t, Z)*R{X, t, Z) = Im, R(t, z)*R{t, Z) = Im, 

or, equivalently, 

R{x,t,zy = R{x,t,z)-\ R{t,zy = R{t, z)-\ (3.13) 
In view of (I3.13p rewrite (II. 7p in the form 

A{x, t, z)R{x, t, z) = R{t, z)A{x, 0, z), (3.14) 

where A{x,t, z) := iy(x,t, z)* (compare with (13.90 ). Let V{x^ z) satisfy (13.71) 
and put 

Pi{x,t,z) 

P2{x,t, Z) 



V{x,t,z) 



R{x, t, z)V{x, z). 



(3.15) 
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By (IXTD and (KWf we have 

A{x, t, z)V{x, t, z) = R{t, z)A{x, 0, z)V{x, z). (3.16) 

Now, taking into account that V{x, z) is a nonsingular pair with property- 
j, we show that V{x, t, z) is a nonsingular pair with property-j too. Accord- 
ing to (O]), dMD, and f lSTTOj) we get 

for 2; — )■ oo. Formula (13.171) implies that for some 

Mi>M>0 (M> sup ||t;(x,t)||), (3.18) 

and for all z from the domain 

Vi = {z:zeC, '^z<-Mi, > argz > -7r/4} (3.19) 

we have 

-{Rix,t,zyjR{x,t,z)) <0, 

and so 

R{x, t, zyjR{x, t, z) < J. (3.20) 
Relations ([SZD, flXTSjl . and flX^ imply that 

P(x,t,z)*P(a;,t,2) > 0, V{x,t,zyjV{x,t,z) <0 (zeVi). (3.21) 

Clearly, it suffices to prove (13. lip for values of z from Pi. (According to 
(I3.18P and (I3.19P the domain Vi belongs to the semi-plane Qz < —M.) 
In a way similar to the proofs of (13.130 and (I3.20p we derive 

A{x,t,z) = W{x,t,z)~\ W{x,t,zyjW{x,t,z) >j {Qz<-M). 

(3.22) 

It is immediate from (I3.22p that 

A{x, t, zyjA{x, t, z) < j {Qz < -M). (3.23) 
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Hence, inequalities (13. 7p and f l3.2ip imply 

det {A2iix, 0, z)Pi{x, z) + A22{x, 0, z)P2{x, z)) ^0 < -M), (3.24) 

det {A2i{x, t, z)Pi{x, t, z) + A22{x, t, z)P2{x, t, z)) ^0 (zeVi). (3.25) 

In view of fl3.24p rewrite fl3.16p as 



A{x,t,z)V{x,t,z) =R{t,z) 



fx, 0, z) 



{A2iix, 0, z)Piix, z) + A22{x, 0, 2;)P2(x, z)) , (3.26) 



0(a;, 0, z) ■.= [Aii{x, 0, z)Pi(a;, 2;) + ^12(3;, 0, z)P2{x, z)) 

X {A2l{x,0, z)Pi{x, Z) + A22ix,0, Z)P2{X, Z)y\ 

According to we get 

{Aii{x, t, z)Pi{x, t, z) + Ai2{x, t, z)P2{x, t, z)) 

X (^2i(a;, t,-2)-Pi(x, t,z) + ^22(3;, ^,-2)-P2(a;, t,2;)) ^ 

= (i?ii(t, 2;)0(X, 0, Z) + Ri2it, Z)) (i?2l(t, ^)0(X, 0, Z) + i?22(t, z)) 

As V{x,t,z) satisfies (I3.2ip for z E Vi, using (13. 8 p we derive 
V?(t, z) = lim (Aii{x,t,z)Pi{x,t,z)+Ai2{x,t,z)P2{x,t,z)) 

X [A2l{x,t,z)Pi{x,t,z) + A22{x,t,z)P2{x,t,z)) ^ {z E 



(3.27) 



(3.28) 



-1 



In a similar way we derive from (13. 8 p and (I3.27P that 

¥?(0, z) = lim 0(x, 0, z) {^z < -M). 

Let us show that 

det (i?2i(t, ^)^(0, 2) + i?22(t, z)) ^0 (2 G Pi) 
Indeed, it follows from (ET]), (jS^S]), and (13:271) that 



(x,0,z)* Jp]j 



(x,0,z) 



< 0. 



(3.29) 



(3.30) 



(3.31) 



(3.32) 
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By (ram and (K^ the inequality 



< 0. 



(3.33) 



is true. Finally, inequalities fl3.20p and fl3.33p imply 



[V{0,zy Ip]R{t,zrjR{t,z) 



V{0,z) 



< {zeVi 



(3.34) 



It is immediate from (K3^ that f l33T|) holds. Relations fl3:28|) - fl33T|l imply 
(13. lip in the domain Vi. Hence, by analyticity equality (13.1 ip holds in the 
semi-plane Qz < —M. ■ 



In a way similar to [21] and to more general constructions for self-adjoint 
systems in jlJUH] (see also some references therein), one can use structured 
operators to solve inverse problem for system (13. 4p too. Namely, to recover 
V, which satisfies condition (13. 5p . from the Weyl function we use operators 
Si (acting in L^^O, I), < I < oo) of the form 



Sif = fix) + - 




J \x—r\ 



X + X — r 



X + r 



X 



dzf{r)dr. (3.35) 



Here s'{x) := ^s(x). Below we give the procedure from [32] modified in 
accordance with [T5|[33]. 

First, we recover a pxp matrix function s{x) with the entries from L^(0, /) 
(i.e., s{x) G Lpxp(0,/)) via the Fourier transform. That is, we put 



six) 



— e-^^l.i.m.a. 

27r 



e^«^z-V('2/2)rf^ {z = C + ir], rj < -2M), 



(3.36) 

the limit l.i.m. being the limit in Lp^p{0, 1). Formula (I3.36P has sense for any 
/ < oo, and so the matrix function s{x) is defined on the non- negative real 
semi-axis x > 0. Moreover, s is absolutely continuous, it does not depend on 
the choice of rj < — 2M, s' is bounded on any finite interval, and s(0) = 0. 
To define the operator Si we substitute s'{x) into ( 13.35p . 
Next, denote the p x 2p block rows of W by ui and ijJ2: 



ui{x) = [Ip 0]W{x,0), uj2ix) = [0 Ip\Wix,0). 



(3.37) 
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It follows from and ([S3D that W{x, 0) 0) = /„. Hence, by , 

dSaD, and (IX^ we have 



v{x) = Uj[{x)uJ2{xy , 



(3.38) 



and iOi, L02 satisfy the equalities 



a;i(0) = [Ip 0], uiul = Ip, u[ujI = 0, ijJiuj2 = 0. 



(3.39) 



It is immediate that Ui is uniquely recovered from U2 using (13. 39 p . 
Finally, we obtain 002 via the formula 




Jo 



where is applied to s' columnwise. 

Theorem 3.3 Assume that (f is the Weyl function of system f l3.4p . where j 
and V have the form (13. 2p and v satisfies (13. 5p . Then v is recovered from ip 
via formulas (I3.38p -f l3^40|) . where s and Si are given by equalities (I3.35P and 
(I3.36p . All the mentioned above relations are well-defined and the inequalities 
Si > I hold. 

Another inverse problem, where condition (13. 5p on v is substituted by a 
condition on ip, is also solved in [T5l|33lll0] using the same procedure. 

Remark 3.4 One can apply Theorems \3.2\ and \3.3\ to recover solutions of 
mKdV. Theorems on the evolution of the Weyl functions constitute also the 
first step in proofs of uniqueness and existence of the solutions of nonlinear 
equations via ISpT method (see, for instance, ^40})- 

4 Factorization of the fundamental solution 
via Darboux matrix 

Various versions of Backlund-Darboux transformation and commutation 
methods are widely used in spectral theory, differential equations and nonlin- 
ear integrable equations (see, for instance, P|[TU|[T^P^|[TB|[Tgp?P71l2g^ and 
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numerous references therein). In this section we consider a so called GBDT 
version of the Backlund-Darboux transformation (see references in Introduc- 
tion and some basic notations and results in Appendix). The statement of 
Theorem 14.21 is formulated and proved here in greater generality than before. 

One can apply Theorem lA.ll on GBDT to construct solutions and wave 
functions of nonlinear integrable equations. For this purpose we use auxiliary 
linear systems for integrable nonlinear equation, namely, linear systems : 

Wx = Gw, Wt = Fw] (4.1) 

r I Ts 



G{x,t,z) = -J2^''lk{x,t) ^ (^s) ^qsk{x,t), (4.2) 

A;=0 s=l k=l 

Ft L Rs 

F{x, t,z) = -Y^ ^'Qk{x, t)-J2 - Csr'Qskix, t), (4.3) 

fc=0 s=l k=l 

and zero curvature (compatibility condition) representation f 1 1.1 1) of the inte- 
grable nonlinear equation itself. We consider nonlinear equations on the do- 
main (x, t) G Xi XX2, where Ik {k = 1, 2) is the interval [0, bk), {0 < bk < 00). 
By Theorem 11.11 and Remark 12.31 the following corollary is true. 

Corollary 4.1 Let coefficients {qkix, t)} and {qsk{x, t)} be differentiable with 
respect to t and let coefficients {Qkix,t) and {Qsk{x,t)} be differentiable 
with respect to x on the domain Xi x X2. Assume also that matrix functions 
{qk{x,t), {qsk{x,t)}, {Qkix,t), {Qskix,t)}, {-§-^qk{x,t)} , and {f^qskix , t)] 
are continuous with respect to x and t, and that zero curvature equation 
(11.11) . where G and F are given by (14. 2 p and (14. 3p . holds. Then there is the 
fundamental solution of (14. ip normalized by the condition 

wiO,0,z) = Im. (4.4) 

Proof. Put 

w{x, t, z) = W{x, t, z)R{t, z). (4.5) 

By ([LID, (O. and ([LT]) we see that w given by (53]) satisfies <KY\ . Ac- 
cording to the second relations in (II. 4p and (II. Sp equality f l4.4p holds too. 
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Further asume that G, F, and coefficients in fl4.2p and fl4.3p satisfy con- 
ditions of Corollary 14. and that w is given by f l4.5p . 

When we deal with two auxiliary linear systems, we fix n G N, three nxn 
parameter matrices, namely Ai, A2, and S'(0,0), and two n x m parameter 
matrices, namely, ni(0,0) and 112(0,0). These matrices are chosen so that 
they satisfy the matrix identity 

A^s{o, 0) - ^(0, 0)^2 = ni(o, o)n2(o, o)*. (4.6) 

Compare fl4.6p with a similar matrix identity (IA.2P for parameter matrices 
Ak, nfc(O), and S{0) in Appendix. Matrix functions Ili{x,t), Il2{x,t), and 
S{x,t) are determined by the initial values ni(0,0), 112(0,0), and 5'(0,0), 
respectively, differential equations (1A.3P - (1A.5P with respect to derivatives in 



X and similar equations with respect to derivatives in t. That is, IIi, 112, and 
5" satisfy equations: 

r I rs 

(ni). = E ^1^1?^ + E - CsQ-'lliqsk, (4.7) 



k=0 s=l k=l 

I rs 



(n;). = - ( E ^'«n;A2' + E E (lsk^2iA2 - Csin)-') , (4.8) 
k=0 s=l k=l 

r k I rs k 

= E E ^''-^mii^Ai-' -EE E(^i - ^sQ'-'-' (4.9) 

k=l j=l s=l k=l j=l 

X UiqskIl*2{A2 - Cslnr^, 

which coincide with flA.3p - flA.5p . and additional equations with respect to t: 
(Hi)^ = A\n,Qk + E E(^i - Cshr^'T^iQsk. (4.10) 

fc=0 s=l k=l 

Ft L Rs 

(n;)^ = - ( E ^^^^2^^ + E E QskmA2 - cjn)-') , (4.11) 

fc=0 s=l k=l 

R k L Rs k 

= E E A',-m,Q,U;Ai-' -EE E(^i - CsQ'-'-' (4.12) 

k=l j=l s=l k=l j=l 

xU,Q,kIi;{A2-CsQ-'. 
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We require 

{cj n (T(Afc) = 0, {CJna(A,) = (A; = 1,2), (4.13) 

where 0"(y4) is the spectrum of A. Then, Theorem lA.ll provides expessions 
for derivatives (wA{x,t, z)) ^ and t, z))^: 

(wa),^ = Gwa - waG, {wa)^ = Fwa - waF, (4.14) 

where G has the same structure as G and is given by formulas flA.9P - flA.13p . 
Similarly F has the same structure as F, namely, 

R L Fls 

F{x, t,z) = -J2 ^'Qk{x, t)-J2 - Csy'Qskix, t), (4.15) 

A:=0 s=l k=l 

where coefficients are given by f]A.10p -f pV.13P after substitution Qk, Qsk, Qk, 
Qsk, R, Rs, L, and Ls instead of qk, Qsk, Qk, q.sk, r, r^, /, and h, respectively, 
in those formulas. The matrix function wa in f l4.14p has the form 

wa{x, t, z) = Im- Mx, tyS{x, t)-\Ai - zQ-^Uiix, t) (4.16) 

(compare with f lA.7p ). By f H?T]) and fjlTTip we have 

Wx = Gw, Wt = Fw, w{x,t, z) := WA{x,t, z)w{x,t, z). (4-17) 

The following theorem shows that G and F satisfy zero curvature equa- 
tion 

Gt~Fx + [G,F] = (4.18) 
on the domain of the points of invertibility of 5*: 

Vs=Iixl2\ Os, Os = {{x, t) : det S{x, t) = 0}. (4.19) 



Theorem 4.2 Let G, F , and coefficients in fl4.2p and fl4.3p satisfy condi- 
tions of Corollary \4.1\ Assume that Hi, II2, and S satisfy f l4.6p - fl4.12p . Then, 
the coefficients {qk}, {^sk} and {Qk}, {Qsk} of G and F, respectively, are 
continuous on Vg together with derivatives ^'^^ {§iQsk}- Moreover, 

zero curvature equation fl4.18p holds onT>s- 
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Proof. By ([O0|) -f lXl3|) and (^-(^J^ the differentiability jind conti- 
nuity statements of our theorem for the coefficients of G and F are true. 
Moreover, it follows from (11.11) that coefficients {^Qk} and {-^Qsk}, and 
hence also coefficients {-^Qk} and {-^Qsk}, are continuous on Vs- There- 
fore, the matrix functions G, Gt, F, and Fx are continuous on the domain 
-Ds. 

Thus, taking into account fl4.17p we see that w, w^, Wt, and w^t exist 
and are continuous onVs- Hence, the conditions of the stronger formulation 
of the theorem on mixed derivative, which is already used in the proof of 
Theorem 11.11 are fulfilled and Wxt = Wtx in the interior {'Ds)i of Vs- Using 
f l4.17p rewrite the equality Wxt = Wtx in the form 

{Gt + GF)w = {Fx + FG)w. (4.20) 

It follows from (14. ip and (14. 4p that w is invertible on Xi x X2, and it follows 
from flA.14p that wa is invertible on Vs- Thus w = waw is invertible on Vs- 
Now, it follows from KW^ that (gH]) holds in {Vs)i. By continuity, (gH]) 
holds on Vs- ■ 

Remark 4.3 Theorem \4-S\ is basic to construct solutions and wave func- 
tions of integrable equations via GBDT. The corresponding normalized wave 
functions w (see lll\\lE,\M^\3B!^\M^) have the form : 

w{x, t, z) = w{x, t, z)wa{0, 0, z)~^ = wa{x, t, z)w{x, t, z)wa{0, 0, z)~^. 

(4.21) 

Compatibility of the equations (I4.7p - (l4.12p is a separate question. In full 
generality it will be addressed elsewhere, and here we consider an important 
and characteristic example of the compatibility of equations (14. 7p and (I4.10p . 
when G and F are polynomials. 

Proposition 4.4 Let G and F be polynomials 

r R 

G{x, t,z) = -J2 ^''(lk{x, t), F(x, t,z) = -J2 z"Qs{x, t), (4.22) 

k=0 s=0 



such that the conditions of Corollary 4-1 are satisfied. Then, the correspond- 



ing equations (14. 7p and (I4.10p . which determine Hi, are compatible. 
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Proof. When G and F are polynomials, equations f l4.7p and f l4.1Up take the 
form 



(4.23) 



fc=0 



Denote the p-th column of Hi by (Hi)^ and introduce a block vector with 
(lli)^ as its blocks: 



(4.24) 



Equations (I4.23P can be rewritten in an equivalent form in terms of iti: 

(iti)^ = 7i!i, (r!i)^ = riti, (4.25) 

r R 

^{x.t) ■.= Yqk{x,tf ® Al, V{x,t):=YQ,{x,tf ®Al (4.26) 



A:=0 



s=0 



where denotes the transpose of a matrix g, and q® A is the Kronecker 
product of matrices q and A. As {g^} and {Qk} satisfy conditions of Corol- 
lary 14. H so 7 and F satisfy the differentiability and continuity conditions of 
Theorem II. ![ and to prove the compatibility it remains only to show that 
zero curvature equation 



7t-r,. + [G,/]=0 



(4.27) 



holds. For that purpose consider the block in the i-th block row and in the 
p-th block column in fl4.27p . We get an equality 



k=0 s=0 ^ k=0 s=0 



- ( E(a)f ® Al) ( j^ilDp ® ^i) = 0, 

s=0 k=0 



(4.28) 
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where {qk)i is the transpose of the i-th column of g^. Rewrite fl4.28p as 



R ^ r R 



k=0 ' s=0 ^ k=0 s=0 



It is immediate that independently from the choice of Ai the equality above 
follows from the equality 



o R r. r R 



k=0 s=0 ^* k=0 s=0 

(4.29) 

In other words equation (14.271) follows from 



E^'^^'^-E^'a^^^ + EE^'^'(^^^^-^'^^0 = ^^-^^^ 

k=0 s=0 k=0 s=0 



Notice that in view of (I4.22p formula (I4.30p is equivalent to (II. ip . Thus, 
f OO]) holds, and so KTT} holds too. ■ 

Acknowledgement. The work of A.L. Sakhnovich was supported by 
the Austrian Science Fund (FWF) under Grant no. Y330. 

A Appendix. GBDT for system depending 
rationally on spectral parameter 

In this appendix we consider the GBDT version of the Backlund-Darboux 
transformation (BDT) for a general case of first order system depending 
rationally on the spectral parameter z: 

r I Ts 

w^ = Gw, G(x,z) = -(^^2;^gfc(a;) + ^^(2; - c,)-^g,fc(x)), (A.l) 

A;=0 s=l k=l 

where x G X, and the coefficients qk{x) and qsk{x) are mxm locally integrable 
matrix functions. To simplify notations we assume that X is either interval 
[0, b] {0 < b < 00) or interval [0, b) {0 < b < 00). In our presentation of 
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GBDT we follow Section 3 of the review [21] • Further references one can find 
in Introduction and [55] . 

As GBDT is a so called iterated BDT we fix an integer n > 0. Next, we 
fix five matrices, namely, n x n matrices Ak {k = 1,2) and >S'(0), and n x m 
matrices nfc(O) {k = 1,2). It is required that these matrices form an S'-node, 
that is, the identity 

A,S{0)-S{0)A2 = Il,{0)U2{0)* (A.2) 

holds. Matrix functions Ilk{x) are introduced via initial values 11^(0) and 
linear differential equations: 

r I rs 

(ni), = Yl ^ini?*^ + Yl - cJO"'nig.fc, (a.s) 

k=0 s=l k=l 

r I rs 

(n;). = - ( E ^'^n;^^ + E E 9skmA2 - CsQ-') , (A.4) 

A;=0 s=l k=l 

where {g^} and {qsk} are coefficients from G. Compare (lA.ip with flA.4p 
to see that Ilg can be viewed as a generalized eigenfunction of the system 
Ux = Gu. 

Matrix function S{x) is introduced via -^S by the equality 

r k I rs k 

k=l j=l s=l k=l j=l 

xUiqskU*2{A2 - Csln)~^- 

Equahty flA.Sp is chosen so that the identity (AiS - SA2] = (nili; j 
holds. Hence, taking into account flA.2p we have 

AiS{x) - S{x)A2 = Ili{x)U2{x)*, xel. (A.6) 

By Theorem lA.ll below, the Darboux matrix for system flA.ip has the form 
O : 

wa{x, z)=Im- U2ix)*Six)-\Ai - zh)-'Ui{x). (A.7) 
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In other words, wa satisfies the equation 

—wa{x, z) = G{x, z)wa{x, z) — wa{x, z)G{x, z), (A. 8) 

ax 

where G has the same structure as G: 

r I Tg 

z) = -[Yl w + E - ^sr%kix)) . (A.9) 

fc=0 s=l k=l 

The transformed coefficients qk and (jsk are given by the formulas 

r j 

qk = Qk - E (qjYj^k-i - Xj^k-iQj + E Xj_iqjYi_k-2^, (A. 10) 

j=k+l i=k+2 

Qsk = Qsk + E^ {(lsjYs,k-j-l — Xs^k-j-lQsj — -'^s,i-j-lQ'si^s,fc-j-l j 5 (A. 11) 

j=k i=k 

where Xk{x), Yk{x), Xsk{x), and Ysk{x) are expressed in terms of the matrices 
Ak and matrix functions S{x) and Ilk{x): 

Xk = n^^-^^ni, Xsk = ii;s~\A, - cjn)'iii, (A.12) 
Yk = u;aIs-'u,, Y,k = n;(A2 - c^Q's-'u,. (A.13) 

Denote the spectrum of matrix A by (t{A). 

Theorem A.l f3B^ Let first order system (HHP and five matrices S{0), 
Afc, and Uk {k = 1,2) be given. Assume that the identity M . ^)) holds and 
that {cs} n <y{Ak) = {k = 1,2). Then, in the points of invertibility of 
S, the transfer matrix function wa given by ( A.'? ), where S and Uk are 
determined by /lA.:!^) - fA75\) . satisfies equation /IA.8\) . where G is determined 
by the formulas ( [^..9|) -( CO^) . 

Remark A. 2 The matrix function wa is invertible, since it can be derived 
from ( 1A.6|) that 

wa{x, z)-^ = Im + M^nA2 - zQ-'S{x)-'U,{x). (A.14) 
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